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O . Abstract 

We describe constructing solutions of the field equations of Chern-Simons and topo- 
logical BF theories in terms of deformation theory of locally constant (flat) bundles. 
Maps of flat connections into one another (dressing transformations) are considered. A 
method of calculating (nonlocal) dressing symmetries in Chern-Simons and topological 
■ BF theories is formulated. 
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00 ■ 1 Introduction 
O 

Let X be an oriented smooth manifold of dimension n, G a semisimple Lie group, q its Lie 
algebra, P a principal G-bundle over X, A a connection 1-form on P and Fa = dA + AA A 
its curvature. We assume that X is a compact manifold without boundary. 
Q_i' A connection 1-form A on P is called flat if its curvature Fa vanishes, 

CD : 

dA + AAA = 0. (1.1a) 

Locally eqs.(l.la) are solved trivially, and on any sufficiently small open set U C X we 
have A = — {dip)yb~ l , where ip(x) £ G. So, locally A is a pure gauge. But globally 
eqs.(l.la) are nontrivial, and finding their solutions is not an easy problem. 

It is well known that in the case n = dim^X = 3 eqs.(l.la) are the field equations of 
Chern-Simons theories which describe flat connections on G-bundles over 3-manifolds X. 
Quantum observables of these theories are topological invariants of X ||] . 

For a generalization of Chern-Simons theories to arbitrary dimensions, in addition to 
a connection A on a G-bundle P — > X, one considers a (n — 2)-form B with values in 
the adjoint bundle adP = P xg g. Using the fields B and Fa, one introduces so-called 
BF theories fH, f|, for which the variation of the action w.r.t. B gives eqs.(l.la), and the 
variation of the action w.r.t. A gives the equations 

d A B := dB + AAB - B AA = 0, (1.1b) 



C3 



Copyright © 2000 by T.A. Ivanova and A.D. Popov 



On Symmetries of Chern-Simons and BF Topological Theories 



481 



where cLa is the covariant differential on P. For more details and references see ||. 

The purpose of our paper is to describe the symmetry group of eqs.(l.l) arising as 
equations of motion in Chern-Simons and topological BF theories. Under the symmetry 
group of a system of differential equations we understand the group that maps solutions 
of this system into one another. Only gauge (and related to them) symmetries of eqs.(l.l) 
forming a small subgroup in the symmetry group have been considered in the literature. 

In this paper we show how all symmetries of eqs.(l.l) can be calculated with the help 
of deformation theory methods. In fact, finding solutions and symmetries of eqs.(l.l) will 
be reduced to solving functional equations on some matrices. To illustrate the method, we 
write down some nontrivial explicit solutions of these functional equations and describe 
symmetries corresponding to them. 

2 Definitions and notation 

In this section we recall some definitions to be used in the following and fix the notation. 
In Sect. 2.1 we introduce bundles IntP of Lie groups, bundles adP of Lie algebras and 
sheaves of their sections fi M . In considering sheaves of non-Abelian groups we follow || 
and the papers & ||, |10| . In Sect. 2. 2 we recall definitions || ||, pi |l(| of cohomology sets 
of manifolds with values in the sheaves of Lie groups. 

2.1 Some bundles and sheaves 

Let {p} be a set of representatives of topological equivalence classes of G-bundles over 
X. We fix P € {Pi} and choose a good covering it = {U a , a £ /} of the manifold X, which 
is always possible. For such a covering 11 each nonempty finite intersection U ai n ... n U aq 
is diffeomorphic to an open ball in R n . Let / = {f a p}, f a p ■ U a fl Up — ► G be transition 
functions determining the bundle P in a fixed trivialization. 

Recall that a map of a subset U C X into some set is called locally constant if it is 
constant on each connected component of the set U. The fibre bundle P is called locally 
constant if its transition functions {f Q p} are locally constant. All bundles associated 
with such a bundle are also called locally constant. In the following, we shall consider 
deformations of the locally constant bundle P. They are described in terms of cohomologies 
of the manifold X with values in sheaves of sections of some bundles associated with P. 
Below we introduce these sheaves. 

Let us consider the bundle of groups IntP = P Xg G {G acts on itself by internal 
automorphisms: h i— > ghg~ l , h,g € G) associated with P. Consider the sheaf Sp of 
smooth sections of the bundle IntP and its subsheaf Gp of locally constant sections. A 
section tp of the sheaf Gp (6p) over an open set U C X is described by a collection {ip a } of 
locally constant (smooth) G- valued functions ip a on U n U a ^ such that ^ a = f a pippf^p 

on u n u a n Up / 0. 

We also consider the adjoint bundle adP = P xq q of Lie algebras and denote by A q p 
the sheaf of smooth q- forms on X with values in the bundle adP (q = 1,2,...). The space 
of sections of the sheaf A q p over an open set U is the space A 9 p(U) = T(U, A q p ) of smooth 
0- valued g-forms A^ on U n U a / such that A^ = fapA&f'} on U D U a n Up ^ 0. 
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In particular, for global sections of the sheaves A q P over X one often uses the notation 

Q q (X, adP) := A q P (X) = F(X, A q P ). (2.1) 

The sheaf &p (and Gp) acts on the sheaves A q P , q = 1,2, with the help of the adjoint 
representation. In particular, for any open set U C X we have 

A i ^ Ad^A = i/jAi/j- 1 + ^dip' 1 , (2.2a) 
F i ^ Ad^F = V-FV' -1 , (2.2b) 
B ^ Ad^B = tpBtp- 1 , (2.2c) 

where V G ©p(^), A G .4p(f7), F G A 2 P (U), B G ^ 2 (?7). Of course, V^ -1 = if 
Y>GG P (£/). 

Denote by i : Gp — ► 6p an embedding of Gp into 6p. We define a map 5° : 6p — > .Ap 
given for any open set U of the space X by the formula 

«5V : = -(dipty- 1 , (2.3) 

where Y> G &p(U), 5°ip G *4p([7). Let us also introduce an operator 5 1 : Ap — > Ap, 
defined for an open set [/ C 1 by the formula 

^A^dA + AAA, (2.4) 

where A G Ap(f7), <5M G Ap(U). In other words, the maps of sheaves 5° : &p — > Ap 
and J 1 : Ap — > Ap are defined by means of localization. Finally, we denote by Ap the 
subsheaf in Ap, consisting of locally defined 0-valued 1-forms A such that 5 l A = 0, i.e. 
sections A G Ap(U) of the sheaf Ap = Ker 5 1 over U C X satisfy eqs.(l.la). 

2.2 Cech cohomology for sheaves of non-Abelian groups 

Let S be a sheaf coinciding with either the sheaf Gp or the sheaf Sp introduced in 
Sect. 2.1. We consider a good open covering il = {U a } of X and sections of the sheaf S 
over U ao PI ... PI U aq 0. In the trivialization over U ak , we can represent h G T(U ao n ... fl 

C/ am fl ... fl f7 aA . fl ... n U aq ,S) by matrices h^a k la m ...a k ...a q , and in the trivialization over 
U am , /i is represented by 

h( a m) __ f ?,Ofc) f-l (O Er^ 

"ao...a m -at-a 9 J oi m a k "'ao...a m ...a k ...a q J a m a k i y^.uaj 

where {f am a k } are the transition functions of the bundle P. If we do not write a superscript 
of sections of bundles, we mean that 

h ao ...a q := ht o) . aq . (2.5b) 

A q-cochain of the covering il with values in S is a collection h = {h aQ ,,, aq } of sections 
of the sheaf S over nonempty intersections U ao fl ... fl U aq . A set of g-cochains is denoted 
by C q (ii, S); it is a group under the pointwise multiplication. In particular, for 0-cochains 
h = {h a } G C°(H, S) with the coefficients in S we have h a G T(U a , S) and for 1-cochains 
h = {K P } G C\iX, S) we have h aP G T(U a n Up, S). 
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Subsets of cocycles Z q (il, S) C C q (il, S) for q = 0, 1 are denned as follows: 

Z°(iX, S) := {h G C°(U, S) : Zia/^^ 1 = f aP on U a nU p ^ 0}, (2.6) 
Z^H, 5) := {/i G C 1 ^ 5) = h a pf a ph Pl f^h ja f 7a = 1 on £/ Q n E/g n ?7 7 ^ <2>}- 

(2.7a) 

It follows from (2.7a) that 

h aP h Pa =1 011 U a nUp^0, (2.7b) 

h aa = 1 on C/q, (2-7c) 

where = fuphfiafap ( see (2-5)). We see from (2.6) that Z°(il, 5) coincides with the 
group 

H°(X,S) := T(X,S) (2.8) 

of global sections of the sheaf S. The set Z 1 ^, S) is not a group if the structure group G 
of the bundle P is a non-Abelian group. 

For /i e C°(U,S), 4> £ ^(it, 5) we define the left action T of the group C°(il, 5) on 
the set Z 1 (il, S) by the formula 

2b(/l, <t>)ap = h a <j> a p{h^)~ X = ha^apfapK^f'jij. (2.9a) 

A set of orbits of the group C°(il, S) in Z 1 ^, S) is called a 1-cohomology set and de- 
noted by -ff^il, 5). In other words, two cocycles </>, £ Z l {\X, S) are called equivalent 
(cohomologous) if 

<^/3 = K^pQif)- 1 (2.9b) 

for some /i G C° (il, 5) , and the 1-cohomology set 

ff^il, 5) := C°(il, S)\Z X {^ S) (2.10) 

is a set of equivalence classes of 1-cocycles. Since the chosen covering it = {U a } is acyclic 
for the sheaf S, we have H 1 ^, S) = H l {X, S). For more details see g, |, |, g, 0. 



3 Moduli spaces 

Chern-Simons and topological BF theories give a field-theoretic description of locally con- 
stant (flat) bundles which is discussed in this section. In Sect. 3.1 we introduce the de 
Rham 1-cohomology set describing the moduli space of flat connections and give the de 
Rham description of moduli of covariantly constant fields B. Using homological algebra 
methods [||, |9|, |i~0| |, in Sect. 3. 2 we present the equivalent Cech description of the moduli 
spaces of flat connections and covariantly constant fields B. 
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3.1 Flat connections, adP- valued forms and de Rham cohomology 

We denote by Gp the infinite-dimensional group of gauge transformations, i.e. smooth 
automorphisms of the bundle P — > X which induce the identity transformation of X. 
Put another way, Gp is the group of global smooth sections of the bundle IntP and 
therefore we have 

Gp = H°(X, 6 P ) = F(X, 6 P ) = Z°(iX, & P ) (3.1) 

with the notation of Sect. 2. 

The space of all connections on P is an infinite-dimensional affine space modelled on 
the vector space H°(X, Ap) = (X, adP) of global sections of the sheaf Ap and therefore 
the space of flat connections on P can be identified with the space H°(X, Ap) of global 
sections of the sheaf Ap = Ker S 1 (see (2.4)). The group (3.1) acts on the space H°(X, Ap) 
on the right by the formula 

A i-» Ad g -iA = g- l Ag + g~ l dg, 

where g E Gp, and we introduce the de Rham 1-cohomology set H\. p {X) as a set of 
orbits of the non-Abelian group H°(X, 6p) in the set H°(X,Ap), 

H\ A . P {X) := H°(X,Ap)/H°{X,6p) = {A £ fi^adP) : dA + A A A = 0}/Gp- 

(3.2) 

This definition is a generalization to adP-valued 1-forms A and the covariant exterior 
derivative dA of the standard definition of the 1st de Rham cohomology group 

x {u,en\X):du, = 0} 

H *W- {u, = d lP MzvP{X)Y (3 - 3) 

where d is the exterior derivative. 

Remark. For an Abelian group G, the group (3.1) of gauge transformations and the set 
H°(X, Ap) are Abelian groups. In this case, (3.2) is reduced in fact to the definition (3.3) 
of the standard de Rham cohomology. 

The definition (3.2) is nothing but the definition of the moduli space Aip of flat con- 
nections on P, 

M P = H\ A . P {X) = H°(X, A P )/H°(X, & P ). (3.4) 

So, the moduli space Mp of flat connections on P is the space of gauge inequivalent 
solutions to eqs.(l.la) as it should be. 

Equations (1.1b) are linear in B. For any fixed flat connection A, the moduli space of 
solutions to eqs.(l.lb) is a vector space 

„ rjn-2 ( Y) _ {B£n n ~ 2 (X, a dP):d A B = 0} 

Ba ~ H dA-A x > - { B = d A <t>,$en^(x, a dP)}> (3 - 5) 

since solutions of the form B = d A & are considered as trivial (topological "symmetry" 
B^B + d A §) f§. 
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Nontrivial solutions of eqs.(l.lb) form the vector space Ba depending on a solution A 
of eqs.(l.la). The space of solutions to eqs.(l.l) forms a vector bundle Tp — ► H°(X, Ap), 
the base space of which is the space H°(X, Ap) of solutions to eqs.(l.la), and fibres of 
the bundle at points A E H (X, Ap) are the vector spaces Ba of nontrivial solutions to 
eqs.(l.lb). 

Notice that the gauge group Qp = H°(X, &p) acts on solutions B of eqs.(l.lb) by the 
formula 

B ■-> M g -iB = g~ l Bg, (3.6) 

where g E Qp. Therefore, identifying points (A, B) E Tp and (g~ 1 Ag+g~ l dg,g~ l Bg) E Tp 
for any g E Qp, we obtain the moduli space 

N P = Tp/Qp (3.7) 

of solutions to eqs.(l.l). The space Mp is the vector bundle over the moduli space Mp of 
flat connections with fibres at points [A] E Mp isomorphic to the vector space Ba- We 
denote by [A] the gauge equivalence class of a flat connection A. 

3.2 Flat connections, adP-valued forms and Cech cohomology 

By using definitions of the sheaves Gp,&p and Ap, it is not difficult to verify that the 
sequence of sheaves 

e — >Gp^&p^A P ^e (3.8) 

is exact. Here e is a marked element of the considered sets (the identity in the sheaf Gp C 
&p and zero in the sheaf Ap). From (3.8) we obtain the exact sequence of cohomology 
sets § |, [fij 

e^H°(X,G P ) ^H°(X,6 P ) H°(X,A P ) H\X,G P ) ^ H l {X,& P ), 

(3.9) 

where the map p coincides with the canonical embedding induced by the embedding of 
sheaves i : Gp — > &p. 

By definition the set of equivalence classes of locally constant G-bundles over X is 
parametrized by the Cech 1-cohomology set i^^GpJ ~ ^{X^Gp) g |, |. The 
kernel Ker p = p~ 1 (e) of the map p coincides with a subset of those elements from 
H l {X, Gp) which are mapped into the class e E H l {X, &p) of bundles P diffeomorphic 
to the bundle P defined by the 1-cocycle /. In terms of transition functions {/a/3} in P 
and {f a p} in P this means that there exists a smooth 0-cochain ip = {ip a } E C°(iX,&p) 
such that 

fa/3 = ^f^p, (3-10) 

i.e. cocycles / and / are smoothly cohomologous. 

By virtue of the exactness of the sequence (3.9), the space Ker/? is bijective to the 
quotient space (3.2). So we have 

M P = H l dA , P (X) ~ Kerp C H\X,G P ), (3.11) 
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i.e. there is a one-to-one correspondence between the moduli space A4p of flat connections 
on P and the moduli space Kerp C Gp) of those locally constant bundles P 

which are diffeomorphic to the bundle P. Notice that to / = {ip^ 1 faf3'4 , (3}, representing 
I// -1 ] € Ker p with fixed /, there corresponds a flat connection A = {A^} = {ifjadifj^ 1 } € 
H°(X,A P ) representing [A] G Hj A;P (X). 

Remark. It is well known that the bundle P — > X is always diffeomorphic to the trivial 
bundle X x G if X is a paracompact and simply connected manifold |(| . It is also known 
that if the structure group G is connected and simply connected, and dim^X < 3, then 
all G-bundles over X are topologically trivial, i.e. H^^X, &p) = e. In both the cases we 
have 



^W-^^Gp), (3.12) 

since now Ker p = ^(X, Gp). The bijections (3.11) and (3.12) are non-Abelian variants 
of the isomorphism between Cech and de Rham cohomologies. 

The moduli space (3.5) of solutions to eqs.(l.lb) can also be described in terms of Cech 
cohomology. Namely, notice that for a fixed flat connection A = {vpadtpa 1 } a general 
solution of eqs.(l.lb) has the form 

B = = tya-B^Va 1 }, (3.13a) 

where ip = {tp a } £ C°(it, ©p), and Bq is an adP- valued (n — 2)-form satisfying the 
equation 

dB = 0. (3.13b) 

Therefore the space H^~p(X) of nontrivial solutions of eqs.(l.lb) is isomorphic to the 
standard (n — 2)th de Rham cohomology group 

H n-2 (x) = {Bo<=n n -2(XMP)--dB = 0} 
d ' p {B = d<S> , $ e ^ n - 3 (^,adP)} 

for forms with values in the bundle adP. 

Formulae (3.13) mean that the space H^~ 2 p (X) is the "dressed" space H™ p 2 (X), and 
we have 



H^ p (X)^H^ p \X). (3.15a) 
On the other hand, it is well known that 

H n d Z 2 (X)^H n - 2 (X,g p ), (3.15b) 

where H n ~ 2 (X,gp) is the (n — 2)th Cech cohomology group of the manifold X with the 
coefficients in the sheaf gp of locally constant sections of the bundle adP. 
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4 Construction of solutions 

In this section we discuss constructing solutions of eqs.(l.l) in some more detail. Namely, 
in Sect. 4.1 we consider a collection of group-valued smooth functions defining maps be- 
tween smooth and locally constant trivializations of flat bundles. These functions parame- 
trize flat connections and satisfy first order differential equations. The solution space of 
these equations is discussed in Sect. 4.1. In the Cech approach flat bundles are described 
by locally constant transition functions. In Sect. 4. 2 we discuss functional matrix equations 
on transition functions and the space of their solutions. In Sect. 4. 3 we describe the moduli 
space of flat connections as a double coset space and discuss the correspondence between 
the Cech and de Rham descriptions of flat connections. 



4.1 Differential compatibility equations 

As before, we fix a good covering il = {U a } of X, trivializations of the bundle P over E/ a 's 
and locally constant transition functions {f a p] on U a nUp ^ 0, df a p = 0, a, (3 G /. Any 
solution of equations (1.1a) on an open set U a (a local solution) has the form 

A (Q) = -WaJi" 1 , (4.1a) 

where ip a {x) is a smooth G- valued function on U a . If we find solutions (4.1a) for all a £ I, 
we obtain a collection ip = {tp a } £ C°(U, &p). If U a D Up ^ 0, then the solutions (4.1a) 
on U a and Up are not independent and must satisfy the compatibility conditions 

= f a pA^f~l (4.1b) 

on U a n Up. From eqs.(4.1) the differential compatibility equations 

(d^- 1 = fapWp^f-l (4.2) 

follow. Since we are looking for global solutions A = {A^} of eqs.(l.la), eqs.(4.2) must 
be satisfied for any a, (3 £ I such that U a C\Up ^ 0. 
Any global solution of eqs.(l.lb) has the form 

B = ^B^- 1 = WaB^* 1 } = (4.3a) 

where ip = {ijj a } satisfy eqs.(4.2), and Bq is an arbitrary (global) solution of eqs.(3.13b). 
The compatibility conditions for B^ and B^ on U a D Up ^ have the form 

B^ = f a pB^f~l (4.3b) 

After substituting (4.3a) into (4.3b), we obtain that 

B^ = f a pB^f~ \ (4.3c) 

where f a p = ip^ 1 f a pipp, df a p = 0. Thus, one can easily construct solutions of eqs.(l.lb) if 
one knows solutions of eqs.(l.la) or (4.2). That is why in the following we shall concentrate 
on describing solutions of eqs.(l.la) and (4.2). 
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Differential equations (4.2) are equations on 0-cochains ip = {ip a } £ C°(il, &p). We 
denote by Cj(H, 6 P ) the space of solutions V = {Y>a} of eqs.(4.2), Cj(H, 6 P ) C C°(H, 6 P ). 
Recall that according to the definitions of Sections 2 and 3, the solution space of eqs.(l.la) 
is Z°(ii,Ap) = H°(X,Ap). Restricting the map 5° to Cj(ii,6p), we obtain the map 

5° : Cj(H,6 P ) — » Z°(H,^ P ). (4.4) 

It is obvious from eqs.(4.1) that {V^ 1 } G C^(ll,6p) and {ZiaV'a 1 } G C^(H,6p) with 
{/i a } € C°(it,Gp) define the same solution A = {A^} e Z°(H,^p) of eqs.(l.la), which 
leads to the bijection 

^°(H,^p) ~C°(U,Gp)\Cj(U,6p). (4.5) 

The gauge group Gp acts on = {ip^ 1 } by the right multiplication: ip^ 1 ^ ip~ 1 g = 
{fc 1 ^}, 5 = {#4 e Z°(H,6p) = H°(X,& P ), and the definition (3.4) of the moduli 
space of flat connections can be reformulated in terms of the set C°(il, Sp) by using the 
bijection (4.5), 

M P ~ C°(H,Gp)\Cy(H,©p)/Z°(H,6p). 



4.2 Functional matrix equations 

Having a solution ^ = {ipa} of eqs.(4.2), one can introduce matrices f a p = ip^fapipp 
defined on U a n C/g 7^ 0. Using eqs.(4.2), it is not difficult to show that df a p = 0, and 
therefore f f~ l = {f a pf~^} e C^il, Gp). Moreover, it is easy to see that /a/j's satisfy 
equations fapfp-yf-ya = 1 and therefore {f a p} can be considered as transition functions 
of a locally constant bundle P — > X which is topologically equivalent to the bundle P 
with the transition functions {f a p}. Thus, we obtain a map of the data (f,A) into the 
data (/, /), i.e. the connection A is encoded into the transition functions / of the locally 
constant bundle P. 

Let us now consider "free" 1-cochains / = {f a p} such that f f~ l € (^(il, Gp) and 
functional equations 

fapffafia = 1 (4.6a) 

on U a n Up n U-y / 0. The space of solutions to eqs.(4.6a) is isomorphic to the space 
Z^il, Gp) of 1-cocycles. Denote by Zj(iX, Gp) the subset of those solutions / to eqs.(4.6a) 
for which there exists a splitting 

fap = fa 1 fapfy ( 46b ) 

with some ip = {^Pq} G C°(H, @p). Using equations d/ a/ g = 0, one can easily show that 
these {ip a } will satisfy eqs.(4.2), i.e. ip = {Y'a} G C°(il, @p). Then, by introducing 
^(°0 = (J ^ = —(dipa)^ 1 , we obtain a flat connection yl = {^4^} on P. Thus, for 
constructing flat connections on P, one can solve either differential equations (4.2) on 
{tp a } € C°(ii,&p) or functional equations (4.6) on {f a p} such that ff~ x € C^il, Gp). 
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4.3 Solution spaces — > moduli spaces 

In Sections 4.1, 4.2 we showed that for the fixed transition functions / = {f a p} of the 
locally constant bundle P there is a correspondence 

Z°(il,Ap)3(f,A) <-> {fJ)€Z}(H,G P ), (4.7) 

where Z°(H,Ap) is the solution space of differential equations (1.1a), and Zj(iX,Gp) is 
the solution space of functional equations (4.6). These solution spaces are not bijective. 
Namely, to gauge equivalent flat connections A and Ad g -iA = g~ 1 Ag + g~ 1 dg with g = 
{g a } G Z°(iX, &p) there corresponds the same cocycle / = {f a p} G Zj(iX,Gp), since 
fa/3 '■= (^a)~ 1 f a p^ = ^dafapgp 1 ^? = ^f^fi = fa/3- At the same time, the 
cocycles / and f h = {hafaphp 1 } with h = {h a } G C°(il, Gp) correspond to the same flat 
connection A. 

The correspondence (4.7) will become the bijection (3.11) if we consider the space of 
orbits of the group Z°(U,&p) = Gp (the gauge group of the model (1.1a)) in the space 
Z°(ii, Ap) and consider the space of orbits of the group C°(il, Gp) (the gauge group of the 
model (4.6)) in the space Zj(ii, Gp). In other words, we should consider the pairs (/, [A]) 

and (/, [/]), where [A] is the gauge equivalence class of A, and [/] is the equivalence class 
of the 1-cocycle /. In Sect. 3 this correspondence was described in more abstract terms. 

We obtain the following correspondence between de Rham and Cech description of flat 
connections: 

C°(il, & P ) 
5° / \r 

Z°(U,A P ) Z}(U,G P ) ( 4. 8) 

M _ Z°(U,A P ) . , Zj^Gp) 

JVip ~ z"(u,e P ) c°(u,G P ) 
Here a map 

r : Cj(U, 6p) — ► Zj(iX, G P ) (4.9a) 
is given by the formula r({ip a }) = {ip^ 1 fafitpp} = /, 7r and p are projections 

tt: Z°(U,Ap) — » Z°(iX,Ap)/Z°(!d,ep), (4.9b) 

p: Z}(H,Gp)^C°{H,Gp)\Z}{U,G P ), (4.9c) 

and a map 5° is the projection (4.4). Recall that the group Z°(iX, &p) acts on the spaces 
Cy(il, &p) 3 {ipa 1 } an< i Z°(ii,Ap) on the right, and the group C°(tt,G P ) acts on the 
spaces C^(U,6p) 9 {V^ 1 } and Zj(il,G P ) on the left. 

Using a bijection of the moduli spaces of solutions to eqs.(4.2), (1.1a) and (4.6), we iden- 
tify the points 7to 5° (ip),ir(A),p(f) andpor(^), where i/j G C°(il, &p),A G Z°(U,Ap)J G 
ZJ(1X,Gp). Then we have 

7r o 5°(ip) = ir (A) = p(f) =po r(ip) <=> 

f = S on(A) = ro<p{A), A = a op(f) = 5° o v (f), = <p(A) = ri(f), (4.10) 
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where (p, 77, a and s are some (local) sections of the fibrations (4.4), (4.9a), (4.9b) and 
(4.9c), respectively. Let us emphasize that just the ambiguity of the choice of sections of 
the fibrations (4.4) and (4.9) leads to the ambiguity of finding / for a given A and A for 
a given /. As usual, one can remove this ambiguity by choosing some special sections (p, 
rj, a and s (gauge fixing). 

5 Symmetry transformations and deformations of bundles 

In Sect. 4 we have described the transformation rop : (/, t/jdip -1 ) 1— > (/, /). If we now define 
a map T\ : f 1— > / preserving the set Zj(il, Gp), then after using the maps a o p or 5° o 77, 

we obtain a new flat connection A. Below we describe this method of constructing flat 
connections on P based on deformations T\ : f <— ► / of locally constant bundles. Namely, 
starting from the Cech approach, in Sect. 5.1 we describe groups acting on the space of 
transition functions of a locally constant bundle. Then, using solutions of the functional 
matrix equations, we proceed in Sect. 5. 2 to the de Rham description and define dressing 
transformations acting on the space of solutions to the field equations of Chern-Simons 
and topological BF theories. Finally, in Sect. 5. 3 we discuss a special class of solutions of 
the functional matrix equations describing deformations of flat bundles. 

5.1 Cohomological groups acting on solution spaces 

To begin with, we shall consider groups acting on the set C^il, Gp) of 1-cochains. One 
of such groups - the group C°(U,Gp) - and its left action To on C^il, Gp), ^ 1 (it, Gp) 
and Zj(il,Gp) have been considered in Sections 2.2 and 4.3. The action To of the group 

C°(il, Gp) gives trivial (gauge) transformations of the transition functions / = {jap}, 
and the space of orbits of the group C°(il, Gp) in Zj(il,G P ) is the moduli space Mp — 
C (il,Gp)\Zj(iX,Gp) = Keip C H^X^p). In other words, the group C°(U,G P ) is the 
stability subgroup of the point [/] G Mp. 

To obtain a nontrivial map of the moduli space M p onto itself, we consider the following 
action of the group C^il, Gp) on itself: 

Ti(h, .): x^Ti(h,\), T ± (h, x) a f3 ■= KpXapih^y 1 , (5.1) 

where h,x G C^Gp). Recall that hf^ ^ h~l if h Z 1 (U,G P ). From the definition 
(5.1) it is easy to see that T±(g, T±(h, x)) = T\(gh,x) f° r 9,h,x G C l {iX, Gp). Moreover, 
starting from the element x G C 1 ^, Gp), one can obtain any other element of C 1 ^, Gp), 
i.e. the action T\ is transitive. 

We are interested in subgroups of the group C^il, Gp) preserving the set Zj(iX,G P ) C 

^(il,Gp) C C\il,Gp). To describe them, we fix ff' 1 = {f a pf^} = {^fa^f'p} G 
Zj(H,Gp) and consider an orbit of the point x = f f~ l under the action T\ of the group 
C 1 ^, Gp). We want to find an intersection of this orbit with the set Zj(iX, Gp), i.e. the 
set of all h £ C 1 ^, Gp) such that 

(i) = T^hjf- 1 ) G Z 1 (iX,Gp), i.e. the transformation T^h, . ) : f i-» / = 

hapfaphfa preserves eqs.(4.6a), 
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(ii) = Txihjf- 1 ) G Zj(ii,G P ) C Z 1 (ii,G P ), i.e. the transformation T^h, . ) : 

/•—>■/ = hapfaphga preserves not only eqs.(4.6a), but also eqs.(4.6b). 

The condition (i) means that the transformation Ti(h, . ) maps Gp) onto itself, 

which is realized, of course, not for any h G C 1 ^, Gp). This condition imposes severe 
constraints on h which are equivalent to the following nonlinear functional equations: 

h a/ 3 fa/3 hp-/ fpy h~p h ia f ja = 1 on U a fl Up D U 1 ^ 0. (5.2a) 

Notice that eqs.(5.2a) are satisfied trivially if h G C (it, Gp), since in this case h a p = 
h a \p '■= h a \ UanU/3 , hp a = hp\ a := hp\ UanU/3 . 

By introducing Xap = fapf^p an d using formulae (2.5), we can rewrite eqs.(5.2a) in 
the form 

x ( apXp°i!x$ = i on u a nupnu l7 t0. (5.2b) 

Formulae (5.2) mean that \ = {Xap} = {x&p} ^ s a 1-cocycle, x G Z 1 (il,Gp). 

The condition (ii) means that for the 1-cocycle / one can find a splitting like (4.6b), 
i.e. there exists a 0-cochain ifi = {t/j a } G C°(it, ©p) such that 

faP = ^aVa/J^S- (5.3) 

This imposes additional restrictions on h G C^il, Gp), and one of their possible resolvings 
is the following. Recall that for the sheaf Sp of smooth sections of the bundle ad-P we 
have H 1 (X,5p) = 00]. Therefore for small deformations / i — > / of the cocycle / there 
always exists ip = {tp a } G C°(it, ©p) such that (5.3) is satisfied. As such, we shall consider 
elements h G C l {il, Gp) that are close to the identity and satisfying eqs.(5.2). In other 
words, we consider a local group (a neighbourhood of the identity in C^it, Gp)) and take 
only those its elements h which satisfy the conditions (5.2). If, in addition, we change the 
"initial" point / G Zj(il, Gp) for the action T\, then in the described way we shall obtain 
all elements of the group of bijections of the set Zj(ii, Gp). 

5.2 Dressing transformations 

In Sect. 4 we have described maps A i— > / and f t—t A, where A = ipdip -1 G Z°(il,Ap), 
f = {Lp} = {^fapM G 4(it,Gp), V = {VU G C°(it,6p). In Sect.5.1 we have 
described the map T\(h, . ) : f i— ► / = {h a pf a php a }, where / G Zj(ii,Gp) if elements 
h = {h a p} G C 1 ^, Gp) satisfy some conditions. Then, having found ip = {tp a } by formula 
(5.3), we introduce 

: = -( d ^-\ (5.4) 

From the equations df a p = and eqs.(5.3) it follows that V^'s satisfy eqs.(4.2), and i^'s 
satisfy eqs.(4.1b), i.e. 

A^ = f a pA^fJ, (5.5a) 



492 



T.A. Ivanova and A.D. Popov 



(d^- 1 = f a p(dM4>/f-£ (5.5b) 

on U a P\U/3 . Thus, if we take a flat connection A = {A^ } and carry out the sequence 
of transformations 

(/, A) r & (/, /) £ (/, /) (/, A), (5.6) 

we obtain a new flat connection A = {A^}. Notice that by virtue of commutativity of 
the diagram (4.8), one can consider the map son instead of roip and the map a op instead 
of 5° o rj. 

It is not difficult to verify that 

A = {A^} = {^A^cp- 1 + (PadcJ)- 1 } = W 1 + cj)d<f>-\ (5.7a) 

where 

:= V^" 1 = {Ma 1 } = {M 6 C°(il, 6 P ). (5.7b) 

Formally, (5.7) looks like a gauge transformation. But actually the transformation Ad^ : 
A i— > A, defined by (5.7), consists of the sequence (5.6) of transformations and is not 
a gauge transformation, since <p a ^ f a p<Ppf a ~p on U a D Up ^ 0. Recall that for gauge 
transformations Ad 9 : A i-> A 9 = gAg' 1 + gdg~ l one has g a = f a pgpf~p, i.e. g = {g a } 
is a global section of the bundle IntP, and (p = {'Pa} is a collection of local sections 
(j) a : U a —* G of the bundle IntP which are constructed by the algorithm described above. 

From formulae (3.13), (4.3) and (5.7b) it follows that the dressing transformation Ad^ 
acts on any solution B of eqs.(l.lb) by the formula 

Ad : B = {B^}:={(t )a B^4>- l } = <pB<p-\ (5.7c) 

where <p = {<p a } is defined in (5.7b). The field B is a new solution of eqs.(l.lb). As is 
shown above, the transformation Ad^ is not a gauge transformation. 

Let us emphasize that <p = {<p a } depends on h € C^il, Gp) defining the transformation 
T\(h, . ) : / i— ► f, and taking this into account we shall write (p = (p(h) = {(p a (h)}. The 
transformations (5.7) will be called the dressing transformations. In this terminology we 



follow the papers |12| , 13, 141], where the analogous transformations were used for construct- 
ing solutions of integrable equations. It is not difficult to show that these transformations 
form a group. 

Notice that the maps (5.6) are connected with maps between the bundles (P, /), (P, /) 
and (P,/). All these bundles are diffeomorphic but not isomorphic as locally constant 
bundles. A diffeomorphism of P onto P is defined by a 0-cochain ip = {ip a } € C°(U, Sp), 
and a diffeomorphism of P onto P is defined by ip = {ipa} S Cj(il, &p). Moreover, the 
bundles P and P become isomorphic as locally constant bundles after the restriction to 
U a fl Up 7^ 0: P\u a r\Uj3 — P\u a riUg, but these isomorphisms are different for U a PI Up with 
different a, (3 G I. In other words, h a p : P|[/ a n(7^ — ► P\u a c\Up define local isomorphisms 
that do not extend up to the isomorphism of P and P as locally constant bundles over 
the whole X. 
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5.3 A special cohomological symmetry group 

Matrices h = {h a p}, denning the dressing transformations 

Ad m : A^A h := ^A^h)- 1 + (5.8a) 
Ad m : B^B h := ^B^h)- 1 , (5.8b) 

must satisfy the nonlinear functional equations (5.2) which are not so easy to solve. How- 
ever, there exists an important class of solutions to these equations, which can be described 
explicitly. The merit of these solutions is the fact that they do not depend on the choice 
of co cycles / and /. 

Notice that eqs.(5.2) with all indices written down have the form 

h a /3\-y fa/3\-y ^ a | 7 fyfl 7 |a fpj\a \p\ a ^"fa\f3 f^a\f3 ^a 7 |/3 = ( 5-9 ) 

where h a/3 ^ means the restriction of h a p defined on U a fl Up to an open set U a fl Up H f/ 7 
and analogously for all other matrices. It is not difficult to verify that a collection h = 
{h a p} € C (11, Gp) of matrices such that 

^q/3|7 = h a y\p, /l/3a| 7 = hpy\ a , hyp\ a = h ia \p (5.10) 

satisfies eqs.(5.9) for any choice of 1-cocycles / = {f a p} and / = {f a p}- 

The constraints (5.10) are not very severe. They simply mean that sections h a p of the 
sheaf Gp over U a r\Up ^ can be extended to sections of the sheaf Gp over the open set 

u= |J u a nu p , (5.ii) 

a,/3el 

where the summation is carried out in all a, (3 6 / for which U a fl Up ^ 0. In other words, 
from (5.10) it follows that there exists a locally constant section hu ■ U — > G of the bundle 
IntP such that h a p = h u \ UanU0 0. In this case we can identify h = {h a p} = {h u \ UanUfi } 
and hjj. Such h form a subgroup 

C 1 (ii,G P ) := {h € C 1 (U,G P ) : h aPh = h aj] p on U a HU p nU 7 ^ 0} (5.12) 

of the group C^il, Gp). 

Now let us consider (^(H, Gp) as a local group, i.e. let us take h from the neigh- 
bourhood of the identity in C 1 {1X, Gp). For such h there always exists tp G C°(iX, @p) 
such that (5.3) is satisfied and one can introduce <f>{h) by formula (5.7b). Notice that 
this map <fi : C l (!&, Gp) — > C (iX, (Sp) is a homomorphism. Using </>(/i), we can introduce 
a new flat connection A h = Ad^^A = <ft(h)A(f)(h)~ l + 0(/i)d</>(/i) -1 and a new solution 
B h = Ad m B = <j){h)B^){h)- 1 of eqs.(l.lb) for any h G C 1 (HX,Gp). 



6 Conclusion 

In this paper, the group-theoretic analysis of the moduli space of solutions of Chern-Simons 
and topological BF theories and nonlocal symmetries of their equations of motion has been 
undertaken. We have formulated a method of constructing flat connections based on a 
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correspondence between the non-Abelian de Rham and Cech cohomologies. The group 
of all symmetries of the field equations of Chern-Simons and topological BF theories and 
the special cohomological symmetry group have been described. The described dressing 
symmetries can be lifted up to symmetries of quantum Chern-Simons and topological BF 
theories. It would be desirable to describe and analyze representations of these symmetry 
groups. 
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